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A third approach to the electroweak hierarchy problem is to postulate that the funda-
mental Planck scale is not much larger than the electroweak scale. In these scenarios based
on this approach, the strength of gravity is diluted in a way that makes it appear to be
much weaker (to us) than it really is. In particular, the true scale of quantum gravity is
M∗ ≪ MPl. If M∗ ∼ 4πmW , our quantum field theoretic description of elementary particles
is unlikely to be valid at energies above M∗, and thus there is no hierarchy problem provided
M∗ is not too much larger than the weak scale.

The known mechanisms for diluting the apparent strength of gravity typically make use
of extra spacelike dimensions.1 Such extra dimensions appear to be an essential component
of string theories [1, 2, 3], and they have been studied in various other contexts as well [4].
In the Large Extra Dimensions (LED) scenario, the strength of gravity we see is reduced by
a factor of the volume of the extra dimensions [5, 6, 7]. With a Warped Extra Dimenson,
gravity appears to be extremely weak because it is localized away from us in the extra
dimension [8, 9]. We will discuss both of these scenarios in these notes, as well as an
intriguing connection between warped scenarios and strong coupling in four dimensions.

1 Large Extra Dimensions

Suppose we have N extra dimensions and let M∗ be the fundamental Planck scale in the
full d = (4 + N)-dimensional theory. Consider the gravitational potential Φ in the weak
(Newtonian) limit. It satisfies

~∇2Φ ∼ 1

M2+N
∗

ρ , (1)

where ρ is the local energy density. For a pair of static point masses separated by a distance
r, this leads to a gravitational force of

F (r) ∼ 1

M2+N
∗

m1m2

r2+N
. (2)

In contrast to d = 4, the gravitational flux lines can now spread out in more ways leading
to a faster decrease of the force with distance. This is clearly inconsistent with the observed
behaviour of gravity.

Let us now modify this picture by taking the N extra dimensions to all be periodic
with radius R. Thus, for every extra-dimensional coordinate w we have wa ∼ wa + 2πR,
a = 1, 2, . . . N . The gravitational force law takes the same form as before at short distances

1 Timelike extra dimensions lead to challenges with causality and such.
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r ≪ R. However, for distances large compared to the radius of the extra dimensions we have

F (r) ∼ 1

M2+N
∗

m1m2

r2(2πR)N
(r ≫ R) . (3)

The extent to which the flux lines can spread is now limited by the finite size of the extra
dimensions. Matching this expression to the previous one, we find that

M2
Pl = (2πR)nM2+N

∗ = VNM
2+N
∗ , (4)

where VN is the total volume of the compact extra dimensions.

Together, Eqs. (3,4) show how the strength of the gravitational force we observe can be
diluted by the volume of extra dimensions. The idea of Refs. [5, 6, 7] was to use this dilution
to recast the hierarchy problem by making R large enough that M∗ ∼ TeV.2 For n extra
dimensions of equal size, the required radius R is

2πR ≃ 1032/n10−17cm ∼






1015 cm (R−1 ∼ ...) ; N = 1
1mm (R−1 ∼ 10−13 GeV) ; N = 2
1µm (R−1 ∼ 10−8 GeV) ; N = 3
10 fm (R−1 ∼ 10−2 GeV) ; N = 6

. (5)

These radii are very large compared to typical particle physics scales. For this reason,
scenarios of this type are referred to as large extra dimensions (LED) or ADD after the
original authors [5, 6, 7]. In this section we will discuss the implications of LED models. We
will go over the new particles they predict, and we will examine the extent to which they
are constrained by existing data and how they may be probed in the future.

1.1 Kaluza-Klein Modes

To investigate the implications of LED, we will need to study quantum fields defined in more
than four dimensions. When the extra dimensions are compact, a single d-dimensional field
can be reduced to a set of four-dimensional fields called Kaluza-Klein (KK) modes. We will
show how such KK modes arise in this subsection within a simple scalar model.

Let us write xM = (xµ, wa) for the d = 4 + N spacetime coordinates with M =
0, 1, 2, . . . , 3 + N and a = 1, . . . N . We denote the full d-dimensional metric by GMN with
the flat space limit being ηMN = diag(+1,−1, . . . ,−1). Note as well that when there is only
one extra dimension, it is common practice to use the indices M = 0, 1, 2, 3, 5.

Consider now a real scalar field Φ(x, w) in d = 5 dimensions with the extra dimension
periodic with radius R, w ∼ w + 2πR. The basic action in a flat background is

S =

∫
d4x

∫ 2πR

0

dw

[
1

2
ηMN∂MΦ∂NΦ− 1

2
m2Φ2

]
. (6)

2This isn’t quite a solution to the hierarchy problem unless a mechanism to fix the radii of the extra
dimensions is specified [10].
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Given the geometry of the extra dimension, the field should also be periodic: Φ(x, w+2πR) =
Φ(x, w). This implies that the field can be expanded in a set of orthonormal basis functions
{fn} according to

Φ(x, w) =
∑

n∈Z

fn(w)φ
(n)(x) , (7)

where the coefficients φ(n)(x) depend only on the usual spacetime dimensions and

∫ 2πR

0

dw fm(w) fn(w) = δmn . (8)

The appropriate basis functions in this case are

fn(w) =
1√
2πR

einw/R , n ∈ Z . (9)

These functions are clearly periodic and orthonormal. Since Φ(x, w) is real-valued, we must

also have φ(n)†(x) = φ(−n)(x). Note as well that the basis functions in the extra dimension(s)
are often called wavefunctions.

Plugging the expansion of Eq. (7) back into the action and using orthonormality, we get

S =

∫
d4x

(
1

2
ηµν∂µφ

(0)∂νφ
(0) − 1

2
m2φ(0)2 (10)

+

∞∑

n=1

[
ηµν∂µφ

(n)†∂νφ
(n) − (m2 +

n2

R2
)|φ(n)|2

])
.

This is a four-dimensional theory containing a single real scalar φ(0) of mass m and a tower
of complex scalars φ(n) with masses mn =

√
m2 + n2/R2, n = 1, 2, . . .. The lightest state is

called a zero mode, while the n ≥ 1 fields are the KK modes.

The KK modes are massive even in the limit of m2 → 0, and the extra contributions
to their masses can be related to a quantized momentum in the fifth dimension. This can
be seen by noting that the expansion of Eq. (7) is just a Fourier transform of the extra
dimension for a periodic space. A further confirmation of this property can be found by
examining a non-trivial interaction:

S → Sfree −
∫
d4x

∫
dw λ5Φ

4 (11)

= Sfree −
∫
d4x

λ5
2πR

∑

k,l,m,n

φ(k)φ(l)φ(m)φ(n) δk+l+m+n, 0 .

This interaction conserves momentum in the extra dimension at the vertex. Note as well
that the theory is non-renormalizable since λ5 has a mass dimension of minus one, such
that λ5/2πR is dimensionless. Even so, the theory is still predictive for E ≪ λ−1

5 . 4π/R,
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where the second inequality arises from the requirement that the effective coupling of the
KK modes is perturbative.

It is straightforward to generalize the KK expansion to multiple compact extra dimen-
sions. For example, with N periodic extra dimensions of radius R, the basis functions would
be

f~n(~w) =
1

(2πR)N/2
ei~n·~w/R , ~n ∈ ZN , (12)

where ~w = (w1, . . . , wN) and ~n = (n1, . . . , nN). The corresponding KK masses in this case
are m2

~n = m2 + ~n2/R2.

1.2 Gravitons in LED

Let us turn next to realistic particle theories in LED. We will assume there are N periodic
extra dimensions of radius R. If we were to put the SM in the full extra dimensional space,
every SM particle would have KK modes separated in mass by 1/R. Since 1/R is very
small by particle physics standards in LED theories (for N not too large), such KK modes
would already have been observed if they existed. Instead, the SM fields are assumed to be
restricted to a four-dimensional subsurface of the full spacetime. This is found to occur in
many cases in string theory, where fields can be confined to dynamical subsurfaces called
branes [11, 12]. The only field that propagates within the full spacetime in LED models is
the graviton, which therefore develops KK modes.

The graviton in LED emerges from expanding the metric around a background spacetime,
which we will assume to be flat,

GAB = ηAB + hAB/M
1+N/2
∗ , (13)

where the factors of M∗ ensure that hAB has the correct dimensions for a bosonic field in
d = 4 +N dimensions. The corresponding graviton action is

Sgrav =
MN+2

∗

2

∫
d4x

∫
dnw

√
|G|R(d) , (14)

where R(d) is the d-dimensional Ricci tensor built from GAB. Expanding out the metric in
this expression produces kinetic terms for hAB as well as self-interactions. We can rewrite
the action in terms of a set of KK modes by expanding in terms of basis functions,

hAB(x, w) =
∑

~n

1

(2πR)N/2
h
(~n)
AB(x) e

i ~n·~w/R . (15)

Putting this back into Eq. (14), the integration over the extra dimensions can be performed
explicitly.

Compared to the simple scalar theory presented above, there is a new twist to the
graviton [15, 16, 17, 18]. It has multiple components related to the spacetime indices it
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carries, and these components transform in different ways under the four-dimensional Lorentz
subgroup of the full spacetime coordinate invariance. Starting with hAB(x, w), it is a two-
index symmetric tensor with real entries. This would give d(d+1)/2 degrees of freedom, but
some of these turn out to be related by the underlying invariance under general coordinate
transformations.

GAB → G′
PQ =

∂xA

∂yP
∂xB

∂yQ
GAB . (16)

For an infinitesimal coordinate transformation yA = xA + ξA, this implies that

hAB → h′PQ = hPQ − ∂P ξQ − ∂QξP . (17)

We can use this invariance to project out the redundant components. A popular choice is
harmonic gauge

∂Ah
A
B =

1

2
∂Bh

A
A , (18)

which imposes d conditions. This gauge still allows residual transformations with ∂2ξA = 0,
and this fixes an additional d components. Together, we have a total of d(d + 1)/2 − 2d =
d(d− 3)/2 = (N + 1)(N + 4)/2 independent components.

The next step is to decompose the KK modes of the graviton into quantities with well-
defined transformations under the four-dimensional Lorentz subgroup. At each KK level, we
have [16, 17, 18]

h
(~n)
AB →





h
(~n)
µν

h
(~n)
µa = V

(~n)
µa

h
(~n)
ab = S

(~n)
ab

. (19)

The zero modes ~n = ~0 are massless and independent of ~w. Counting them, we have two
degrees of freedom for the massless graviton, 2N degrees of freedom for the massless vectors,
and N(N + 1)/2 for the massless scalars to give (N2 + 5N + 4)/2 in total, as expected.
The KK modes have masses m2

~n =
√
~n2/R2. At level ~n, there is one massive graviton with

five degrees of freedom, (N − 1) massive vectors with three degrees of freedom each, and
N(N + 1)/2 − N massive scalars for a total of (N2 + 4N + 5). In counting these, we have
made use of the constraints implied by general coordinate invariance which translate into
the conditions

naV (~n)
µa = 0 , naS

(~n)
ab = 0 . (20)

These can also be understood in that at each KK level the massless graviton eats a massless
vector and a massless scalar to get a mass, while the remaining (N − 1) massless vectors
each eat a scalar.

Having classified all the modes, we would like to figure out how they couple to the SM
fields. Recall that the SM is assumed to be confined to a four-dimensional brane, and we
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can choose its location to be wa = 0. The coupling to gravity is the usual minimal form, but
now with an explicit localization,

SSM =

∫
d4x

∫
dnw

√
|G|LSM δ(n)(~w −~0) (21)

=

∫
d4x

√
|g|LSM (22)

where gµν(x) = Gµν(x, w = 0) is the induced metric on the brane. Expanding this out, one
obtains couplings of the form [16, 17]

SSM ⊃ −
∫
d4x

1

M
1+N/2
∗

√
VN

[
T µν

∑

~n

h(~n)µν − κT µ
µ

∑

~n

S(~n) a
a

]
, (23)

where κ is an N -dependent constant of order one and

T µν =
1√
|g|
δSSM

δgµν
(24)

is the energy-momentum tensor of the SM. The first term reproduces the usual coupling of
the massless graviton (zero mode) to the SM once we identify MN+2

∗ VN = M2
Pl, as well as

couplings of the SM to the KK gravitons. The second term connects the SM to a specific
linear combination of the scalars called the radion and its KK modes. Note that none of the
other components of the graviton zero or KK modes couple to the SM. For this reason, they
can (mostly) be ignored, and the only graviton excitations that need to be considered are

the massless h
(0)
µν and r(0) = S

(~0) a
a zero modes, and the massive h

(~n)
µν and r(0) = S

(~n) a
a KK

modes.

The existence of a massless radion zero mode is a problem since it would modify gravity at
long distances. In this context, the masslessness of the radion correponds to a flat “potential”
for expanding or shrinking the radius R of the extra dimensions. A stabilization mechanism
is needed to fix this, and the massless radion is expected to develop a mass as a result [10].
In fact, a severe challenge to LED models is that it is very difficult to stabilize the radion(s)
at a large enough radius to give M∗ ∼ TeV. From this point of view, the LED construction
has traded the old electroweak hierarchy problem for a new one. Still, a different perspective
on any challenge can be useful, and we will see that radion stabilization can be arranged in
theories with a warped extra dimension to be discussed below.

1.3 Experimental Tests and Constraints

The new graviton KK modes predicted by LED models are constrained and are being looked
for in a number of ways. The strongest bounds typically come from deviations from 1/r2

gravity and modifications to stellar evolution, while searches for the new KK states are
underway at the LHC. Limits on LED are usually quoted in terms of a lower bound on M∗

for a given number of extra dimensions N . Recall that we want M∗ . TeV for this scenario
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to address the electroweak hierarchy problem. A more detailed discussion can be found in
Ref. [18].

Light graviton (or radion) KK modes can modify the 1/r2 behaviour of the gravitational
force at short distances, r . R. Such deviations have been investigated, and it is standard
practice to parametrize them according to

V (r) = − 1

8πM2
Pl

m1m2

r

(
1 + αe−r/λ

)
, (25)

where λ and α are dimensionless parameters. For the first deviations from massive KK
gravitons, we expect α = 1 and λ = R. The current limit for α = 1 is λ ≤ 44µm [19].
This rules out N = 1, and forces M∗ & 1.4 TeV for N = 2, but does not provide a useful
constraint for N ≥ 3.

The LED theory with KK modes atM∗ ∼ TeV only works as an effective theory valid at
energies below E .M∗. New physics above this scale is unknown, but will include quantum
gravity and is expected to generate non-renormalizable operators involving SM fields such
as

−L ⊃ 1

M2
∗

(f̄1Γf2)(f̄3Γ
′f4) , (26)

where f1,2,3,4 are SM fermions, and Γ and Γ′ are Dirac structures. If such operators violate
baryon and lepton number, limits on nucleon decay force M∗ & 1016 GeV. If they generate
new flavour mixing or CP violation, M∗ & 106 GeV. And even if they respect all the
symmetries of the SM, precision electroweak constraints limitM∗ & 10 TeV. The suppression
of these operators cannot be addressed within the LED effective theory, but they are a cause
for concern.

Collider experiments have also searched for the direct production of KK modes. These
modes would typically escape the collider detectors without leaving a trace, and they would
therefore contribute to missing energy. The coupling of the SM to any single mode is tiny,
suppressed byMPl, but there are many closely-spaced modes to sum over and this makes the
effective cross section potentially observable. Once all the accessible modes are added up,
the cross section scales like 1/M2

∗ rather than 1/M2
Pl. Searches at the LHC often focus on

events with a single hard jet and a large amount of missing energy, which can be generated
when a KK gluon is radiated off a gluon. Current LHC data limits M∗ & 5.5, 4.3, 3.2 TeV
for N = 2, 4, 6 as shown in Fig. 1 [20, 21].

The many light KK modes predicted by LED theories can also contribute to astrophysical
processes. In particular, they can cause supernovae to cool more quickly that they would
otherwise. This can occur through the production of KK gravitons in the very hot interior of a
supernova as it is starting to explode, where the temperature can approach T ≃ 50 MeV. The
gravitons can then escape the supernova envelope and cause it to cool faster than is observed.
The strongest limits come from observations of SN1987A, and give M∗ & 50, 4, 1 TeV for
N = 2, 3, 4 [22]. For N > 4 there is no limit because the SN temperature is not high enough
to produce the heavier KK gravitons efficiently.
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Figure 1: Limits from the ATLAS LHC experiment on LED models with N = 2, 4, 6 from a
search for a jet plus missing energy using 20 fb−1 of data at

√
8 TeV [21].

2 Warped Extra Dimensions

A second approach to diluting the effective strength of gravity makes use of localization
within an extra dimension. This occurs in theories with a warped extra dimension in which
the full five-dimensional spacetime has a net curvature but the four-dimensional geometry
at large distances is effectively flat. The standard example is the Randall-Sundrum (RS)
model in which there is a single extra dimension of finite size w ∈ [0, π rc] with metric [8, 9]

ds2 = e−2kwηµνdx
µdxν − dw2 , (27)

where k corresponds to the five-dimensional curvature. We illustrate the warped geometry
of the RS background in Fig. 2.

The RS spacetime is a solution of Einstein’s equations in d = 5 with a bulk cosmological
constant [8, 9]. A net zero cosmological constant can be obtained in the d = 4 low-energy
effective theory by tuning the tensions of the branes making up the boundaries at w = 0, πrc.
The metric of Eq. (27) is said to be warped, the boundary at w = 0 is called the UV brane,
the boundary at w = πrc is called the IR brane, and the space in between is called the
bulk. Similar warped configurations have been found in string theory [13, 14], and the RS
configuration can be thought of as an effective theory for them. Note that for this classical
solution to be trustworthy, the curvature must be somewhat smaller than the fundamental
scale of gravity, k/M∗ . 1 [8].

Warping addresses the electroweak hierarchy problem by scaling down the fundamental
input parameter M∗ ∼ MPl to exponentially lower values as one moves from the UV brane
to the IR brane. In particular, we will see that if the Higgs field is localized on the IR brane,
the Higgs mass parameter is warped down to near the weak scale for krc ∼ 11. Related
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w = 0

z = L0

w = π rc

z = L1

IR brane

UV brane

w, z

Figure 2: Simple picture of the RS spacetime.

to this, the mass splittings of the KK modes of fields propagating in the bulk end up near
the weak scale as well. This implies that some of the SM fields could live in the full five
dimensions without contradicting existing experimental limits, in contrast to LED scenarios.
By placing the SM fermions in the bulk and localizing them in different regions, we will also
see that the large spread in SM fermion masses can be explained in a simple way.

2.1 Warping and the Planck Scale

Let us begin by examining the effects of warping on dimensionful parameters in the theory.
The Einstein-Hilbert action describing gravity in the theory is

Sgrav =M3
∗

∫
d4x

∫ πrc

0

dw
√
GR(5) , (28)

where M∗ is the fundamental Planck scale, GMN is the d = 5 metric, and R(5) is the Ricci
scalar built from it. Consider fluctuations of the d = 4 components of the metric around the
RS background,

GMN =

(
Gµν(x, w) 0

0 −1

)
, (29)

where

Gµν = e−2kwgµν(x) . (30)

This is just a w-dependent rescaling of a d = 4 metric, and implies that

√
GR(5) =

√
GR(4) =

√
−g R(4)

e−2kw , (31)
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where R
(4)

is the Ricci scalar built out of gµν . Putting this result back into the original
Einstein-Hilbert action and noting that all the w dependence of the integrand lies in the
exponential factor, we find

Sgrav → M3
∗

∫
d4x

∫ πrc

0

dw
√

−g R(4)
e−2kw (32)

=
M3

∗

2k

(
1− e−2πkrc

) ∫
d4x

√
−g R(4)

. (33)

Comparing to the standard Einstein-Hilbert action, we can identify the d = 4 Planck scale
we see as

M2
Pl =

M3
∗

k

(
1− e−2πkrc

)
. (34)

For moderate values of krc and M∗ ∼ k, this gives an effective d = 4 Planck scale of about
the same order as the d = 5 Planck scale M∗ and the curvature k. Thus, there is no strong
volume dilution as in LED.

2.2 Warping and the Higgs Scale

To see how the RS spacetime helps with the hierarchy problem, consider next the action for
a Higgs field H confined to the IR brane at w = πrc:

SHiggs =

∫
d4x

∫ πrc

0

dw
√
G
[
Gµν∂µH

†∂νH − V (|H|)
]
δ(w − πrc) (35)

=

∫
d4x e−4πkrc

[
e2πkrcηµν ∂µH

†∂νH − V (|H|)
]

(36)

=

∫
d4x

[
ηµν ∂µH̃

†∂νH̃ − e−4πkrcV (|eπkrcH̃|)
]
, (37)

where in the last line we have changed variables to H = eπkrcH̃ to make the kinetic term
canonical. If the original Higgs potential forH takes the standard form, V (|H|) = mu2|H|2+
λ|H|4/2, the rescaled potential in terms of the new variables is

e−4πkrcV (|eπkrcH|) = −
(
µ2e−2πkrc

)
|H̃|2 + λ

2
|H̃|4 . (38)

The key feature here is that the dimensionful Higgs mass parameter µ2 has been warped by
the factor e−2πkrc .

This warping can be used to address the electroweak hierarchy problem. Naturalness
suggests µ2 ∼M2

∗ ∼M2
Pl. Thanks to the warp factor, the natural value of the effective Higgs

mass parameter on the IR brane can be near the weak scale provided the warp factor is big
enough, which corresponds numerically to krc ∼ 11:

µeff ∼ M∗e
−πkrc ∼ TeV (krc ∼ 11) . (39)
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We will show below how such a mildly large radius of the extra dimension can come about.

More generally, it is not hard to check that any dimensionful quantity on the IR brane
is warped by the same amount. In particular, higher-dimensional operators suppressed by
the fundamental Planck scale in the bulk become much less suppressed near the IR brane.
For example, a four-fermion operator O(w) = (ψψ)2/M2

∗ defined in the bulk becomes (after
rescaling to get a canonical kinetic normalization at w = πrc)

O(w → rc) →
1

(e−πkrcM∗)2
(ψψ)2 . (40)

This additional feature presents a new challenge: it implies that the range of validity of the
effective theory near w = πrc is limited to energies below about 4π e−πkrcM∗. More generally,
we will argue below that the local cutoff for physics localized near a given value of w is on
the order of ΛUV ∼ e−πkwM∗.

2.3 Boson KK Modes in RS

Fields that propagate in the warped extra dimension can be expanded in a tower of KK
modes, much like we did in the flat background of LED. The new feature that arises in the
warped background is that the KK wavefunctions in the extra dimension take on a more
complicated form and tend to be localized within the extra dimension.

When discussing KK modes, it will be convenient to use a different coordinate for the
extra dimension than in Eq. (27). Let us define

z = (1/k)ekw , z ∈ [L0, L1] , (41)

with L0 = 1/k and L1 = eπkrcL0. In terms of the new variable, we have

ds2 =

(
L0

z

)2 (
ηµνdx

µdxν − dz2
)
=

(
L0

z

)2

ηMN dx
MdxN . (42)

All coordinates are now treated similarly, and this form is said to be conformally flat.

2.3.1 Vector KK Modes

It will be convenient to begin by examining the KK expansion of a U(1) gauge field in RS.
The basic action is

S = −1

4

∫
d4x

∫ L1

L0

dz
√
GGMAGNBFMNFAB , (43)

where FMN = (∂MAN − ∂NAM).3 We will also assume Neumann BCs,

∂ZAM |z=L0,L1
= 0 . (44)

3Note that since this combination is antisymmetric in spacetime indices, we can replace gravity-covariant
derivatives with regular derivates.
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This theory has a gauge invariance under

AM → AM − 1

g
∂Mα , (45)

for any nice function α(x, z). We can use this invariance to choose a gauge such that A5 = 0
everywhere. As a result, Fµz = −∂zAµ and Fµν are the only non-zero components of the
field strength. Applying this to the action together with GMN = (L0/z)

2ηMN , G
MN =

(z/L0)
2ηMN ,

√
G = (L0/z)

5, and integrating by parts, we find

S =

∫
d4x

∫ L1

L0

dz

(
L0

z

)
1

2

(
Aα

(
ηµν∂

2 − ∂µ∂ν
)
Aβ η

αµηβν (46)

−
(
z

L0

)
Aµ ∂z

[(
L0

z

)
∂z

]
Aν η

µν

)

The first term is the usual d = 4 kinetic piece while the second is new.

To make further progress, let us expand the vector field Aµ(x, z) in a terms of a set of
orthonormal basis functions {fn} on the fifth dimension,

Aµ(x, z) =
∑

n

A(n)
µ (x) fn(z) , (47)

with orthonormality defined by the relation
∫ L1

L0

dz

(
L0

z

)
fm(z)fn(z) = δmn . (48)

A particularly nice choice of basis functions are the eigenfunctions of the differential operator

D =

(
z

L0

)
∂z

[(
L0

z

)
∂z

]
. (49)

By the Sturm-Liouville theorem discussed in Appendix A, the eigenfunctions of this operator
form a complete and orthonormalizable set with respect to the inner product defined above.
In particular, with Dfn = −m2

nfn, the action becomes

S =
1

2

∫
d4x

∑

n

A(n)
α

(
ηµν∂

2 − ∂µ∂ν +m2
n

)
A

(n)
β ηαµηβν (50)

This is just a KK tower of massive d = 4 vectors with masses mn.

To determine the basis functions, we must solve Dfn = −m2
nfn subject to the Neumann

boundary conditions. For m2
n = 0, the only solution is

f0(z) = 1/
√
L0 ln(L1/L0) . (51)

This is just a constant profile in the extra dimension, and we call it the zero mode. For
m2

n > 0, the solutions are related to Bessel functions

fn(z) = Nn

(
z

L0

)
[J1(mnz) + βnY1(mnz)] . (52)
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Applying the Neumann BC at z = L0 gives

βn = −J0(mnL0)

Y0(mnL0)
=
π

2

/
[γ − ln(mnL0/2)] , (53)

while at z = L1 we must have

βn = −J0(mnL1)

Y0(mnL1)
. (54)

To satisfy Eqs. (53,54) simultaneously, the masses mn can take only certain discrete values.
For n≫ 1 and L0 ≪ L1, the approximate solutions are

mn ≃ π

L1

(n− 1/4) (55)

Nn ≃ 1√
n− 1/4

mn

√
L0 , (56)

where the Nn factors are fixed by the normalization condition on fn.

In realistic RS scenarios, we expect L−1
0 = k ∼ MPl and L−1

1 = ke−πkrc ∼ TeV. Our
results show that the spectrum of states in the d = 4 effective theory consist of a massless
vector with constant profile together with a tower of massive KK modes with masses near
the TeV scale, mn ∼ nL−1

1 ∼ n × TeV. Looking at the KK mode profiles based on the
asymptotic forms of Bessel functions listed in Appendix B, they go like

fn(z) ∼
{ √

zmn (oscillation) ; z ∼ L1

−√
L0mn/ ln(mnL0) ; z ≪ L1

, (57)

where (oscillation) refers to a sine or cosine factor. Comparing these limits, we see that
fn(z) has a large amplitude near z ∼ L1 but approaches a small constant for z ≪ L1. In
this sense, the vector KK modes are localized near the IR brane.

Finally, let us make two additional comments. First, with Dirichlet boundary conditions
the zero mode disappears entirely, but the KK modes are similar. And second, our gauge
choice A5 = 0 is related to the spectrum. The zero mode has two degrees of freedom while the
massive KK modes all have three. The extra massive degrees of freedom can be understood
as coming from the additional gauge component of AM .

2.3.2 Graviton KK Modes

A similar analysis can be applied to the graviton field. The counting of components is very
similar to the LED scenario discussed previously, and we will concentrate exclusively on the
hµν(x, z) components for now with the gauge choices ∂µhµν = 0 = hµµ. As for the vector, we
can expand the field in terms of a complete basis,

hµν(x, z) =
∑

n

gn(z)h
(n)
µν (x) , (58)
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with orthonormality defined through

∫ L1

L0

dz

(
L0

z

)3

gm gn = δmn . (59)

These basis functions can be chosen to satisfy

(
z

L0

)3

∂z

[(
L0

z

)3

∂z

]
gn = −m2

ngn . (60)

With these choices, the quadratic part of the d = 5 Einstein-Hilbert action separates nicely
into a sum over independent KK modes.

To reproduce standard gravity in the d = 4 effective theory at low energies, there should
be a massless zero mode to identify with the standard graviton. Such a mode emerges if the
d = 5 field satisfies Neumann BCs on both branes, and we will assume this to be the case.
The zero mode profile is then constant with

g0(z) ≃
√
2/L0 . (61)

The higher KK modes have profiles

gn(z) = Nn

(
z

L0

)2

[J2(mnz) + βnY2(mnz)] . (62)

Applying the Neumann BCs at z = L0, L1 then fixes βn and selects the allowed discrete KK
masses mn ≃ (π/L1)(n+1/4). Just like for the vector, these are on the order of mn ∼ nL−1

1 .

It is instructive to compare the KK mode profiles of the vector and graviton fields
(assuming Neumann BCs for both). Note that they are defined with respect to different
weight functions in the orthogonality conditions of Eqs. (48,59): (L0/z) for the vector, and
(L0/z)

3 for the graviton. To account for this, we should compare the rescaled profiles fn(z)
and (L0/z)gn(z).

4 After the rescaling, we see that the vector and graviton KK profiles are
parametrically similar and are localized towards the IR brane at z = L1. In contrast, the
rescaled graviton zero mode goes like

√
L0/z and is largest near the UV brane z = L0, while

the vector zero mode is flat. This localization of the graviton zero mode in UV is closely
related to apparent weakness of gravity relative to the local scale (L0/z)M∗ for an observer
at coordinate value z in the extra dimension.

2.3.3 Scalar KK Modes

. . .

4 Note that (L0/z)dz = dw, so this is the natural weight to use to.
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2.4 Fermion KK Modes in RS

Fermions are bit more complicated than bosons in the RS background. In d = 5 flat
spacetime, the set of gamma matrices corresponding to the minimal fermionic representation
of Lorentz are

ΓA = (γµ, iγ5) , (63)

which clearly satisfy {ΓA,ΓB} = 2ηAB. In particular, we see that from the d = 4 point
of view the representations are not chiral, and the minimal d = 5 fermion representation
coincides with a Dirac fermion in d = 4. Some extra work will therefore be needed to get
chiral fermions in the low-energy effective theory.

A second challenge in RS is that these fermions are defined with respect to a flat
background, but the RS background is warped. To accommodate this, the standard proce-
dure is to define a locally flat tangent space at any point in spacetime, and build fermion
representations within each tangent space. To connect between tangent spaces defined at
different points, it is natural to introduce the vielbein eAM(x) that relates spacetime and
tangent space indices via

GMNeAMe
B
N = ηAB . (64)

With the vielbein, it is possible to build a spin connection that permits the construction of
a gravity-covariant derivative DM on objects defined on the tangent space. We will not go
into the details of this process for RS, but just quote the final result expressed in terms of
spacetime indices. A nice introductory discussion in the context of RS spacetimes is given
in Ref. [23].

After including and simplying the effects of the warped RS background, the basic action
for a fermion Ψ propagating in the full d = 5 spacetime is [23]

S =

∫
d4x

∫ L1

L0

dz

(
L0

z

)4 [
i

2
Ψ ΓM

↔

∂MΨ−
(
L0

z

)
mΨΨ

]
(65)

=

∫
d4x

∫ L1

L0

dz

(
L0

z

)4

Ψ

(
−∂z + (2− c)/z iσµ∂µ

iσ̄µ∂µ ∂z − (2 + c)/z

)
Ψ (66)

+

∫
d4x

[(
L0

z

)4 (
Ψ̄LΨR − Ψ̄RΨL

)
]L1

L0

.

In the second line we have integrated by parts and defined

m = c/L0 , (67)

so that c is the fermion mass in units of the fundamental scale L−1
0 .

We would like to find a KK decomposition for Ψ similar to what we had for bosonic
fields. For this, we will choose BCs such that the boundary term in Eq. (66) vanishes and
look for expansions of the form

ΨL(x, z) =
∑

n

fL
n (z)ψL(x) , ΨR(x, z) =

∑

n

fR
n (z)ψR(z) . (68)
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These expansions will lead to a diagonal form in Eq. (66) if [16]

(
∂z −

2− c

z

)
fL
n = −mnf

R
n (69)

(
∂z −

2 + c

z

)
fR
n = mnf

L
n . (70)

Plugging one equation into the other separates fL
n and fR

n and gives

(
z

L0

)4

∂z

[(
L0

z

)4

∂z

]
fL
n = −

(
m2

n −
c2 + c− 6

z2

)
(71)

(
z

L0

)4

∂z

[(
L0

z

)4

∂z

]
fR
n = −

(
m2

n −
c2 − c− 6

z2

)
. (72)

Both of these equations are of the Sturm-Liouville form (for appropriate BCs), and their
solutions will form a complete set eigenfunctions that are orthonormalizable in the sense

∫ L1

Lo

dz

(
L0

z

)4

fL
mf

L
n = δmn =

∫ L1

Lo

dz

(
L0

z

)4

fR
mf

R
n . (73)

The form of these solutions, however, will depend on the BCs we apply.

For mn = 0 the left- and right-handed modes decouple in Eqs. (69,70) and we find the
zero mode solutions [16]

fL
0 = A0

(
z

L0

)2−c

(74)

fR
0 = C0

(
z

L0

)2+c

. (75)

These solutions must be augmented by BCs on Ψ(x, z) at z = L0, L1. For the choice
ΨR|L0,L1

= 0, the boundary term in Eq. (66) vanishes and we are also forced to set C0 = 0.
This is a useful result: this choice removes the right-handed zero mode but does not impose
a condition on the left-handed zero mode. Thus, we obtain a chiral spectrum of zero modes,
which is precisely what we want to describe the fermions of the SM. An alternate choice is
ΨL|L0,L1

= 0, which now projects out the left-handed zero mode by forcing A0 = 0.

Turning next to solutions with non-zero mn from Eqs. (71,72), one obtains [16]

fL
n (z) =

(
z

L0

)5/2 [
AnJc+1/2(mnz) +BnYc+1/2(mnz)

]
(76)

fR
n (z) =

(
z

L0

)5/2 [
CnJc−1/2(mnz) +DnYc−1/2(mnz)

]
(77)

for some constants An, Bn, Cn, Dn. To match up with the first-order forms of Eqs. (69,70),
these constants must be related by An = Cn and Bn = Dn. The two remaining constants are
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then fixed by the BCs. For example, ΨR|L0,L1
= 0 gives two conditions on Cn and Dn that

can be only be solved non-trivially for certain discrete values of the KK masses mn ∼ π n/L1.
This fixes everything up to the overall normalization.

As we did for the graviton expansion, it is instructive to look at how the various fermion
wavefunctions are distributed across the extra dimension. Recall that dw = (L0/z)dz is
the natural measure to compare to, while the fermion KK wavefunctions are orthonormal
with respect to the measure (L0/z)

4dz. To account for this, we should really examine
(L0/z)

3/2fL,R
n (z). After rescaling, the fermion KK modes are localized towards the IR brane

(z = L1), while for the zero modes we have

(
L0

z

)3/2

fL
0 (z) = A0

(
z

L0

)1/2−c

(78)

(
L0

z

)3/2

fR
0 (z) = C0

(
z

L0

)1/2+c

. (79)

Thus, a left-handed zero mode is localized near the IR for c < 1/2, while a right-handed zero
mode is localized in the IR for c > −1/2. We will see an interesting physical consequence of
these features in the next subsection.

2.5 RS with the SM on the IR Brane (RS1)

The original SM embedding in RS (by RS) has the entire SM confined to the IR brane at
z = L1 (w = π rc) [8]. It is sometimes called RS1. Only gravity propagates in the bulk, and
the only KK modes are those of the graviton hMN(x, z). The coupling of the SM to gravity
takes the standard form up to localization on the brane,

SRS1 =

∫
d4x

∫ L1

L0

dz
√
GLSM(G) δ(z − L1) (80)

⊃ −
∫
d4x

1

MPl
T µν
SM

[
h(0)µν +

L1

L0

∞∑

n=1

h(n)µν

]
, (81)

where T µν
SM is the usual energy-momentum tensor of the SM. As expected, the graviton zero

mode couples to the SM in usual way with strength 1/MPl. However, the important new
feature is that the higher graviton KK modes have a coupling to the SM that is enhanced
by a large relative factor of L1/L0 = eπ k rc , corresponding to (L1/L0)/MPl ∼ 1/TeV. Again,
this can be understood based on the KK wavefunctions, with the zero mode localized near
the UV brane and the KK modes localized near the IR brane.

The new signals predicted by this theory are KK graviton excitations. With the Higgs on
the IR brane, recall that the natural value of its mass is on the order of µeff ≃ M∗e

−π k rc =
(M2

Pl/L0)
1/3(L0/L1) ∼ (1/L1), while the masses of the KK gravitons are close to mn ≃

π n/L1. Thus, we expect (1/L1) ∼ TeV by naturalness with higher values requiring a
fine-tuning of the Higgs mass parameter.
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Figure 3: Excluded region of the RS1 parameter space from ATLAS dilepton searches with
20 fb−1 of data at

√
s = 8 TeV. Figure from Ref. [25].

Graviton KK modes can be created in pp collisions at the LHC and detected efficiently
when they decay to leptons. One of their characteristic signals is a resonance in the dilepton
invariant mass spectrum [24]. In Fig. 3 we show the exclusions on the KK gravitons in
RS1 derived by the ATLAS collaboration using 20 fb−1 of data at

√
s = 8TeV [25]. The

excluded region is shown as a function of the lightest KK graviton mass m1 = MG∗ and
k/MPl = (L1/L0)/MPl. Note that this second combination of parameters how strongly the
KK gravitons couple to the SM (Eq. (81)). Unless k/MPl is particularly small, the bounds
on m1 are the order of a few TeV.

2.6 RS with the SM in the Bulk

A second way to put the SM in the RS background is to allow all SM fields except for the
Higgs to propagate in full five dimensions. The Higgs field must remain on the IR brane (or
very close to it) for its mass parameter to be naturally small. An important feature of this
extension of the SM is that it provides a nice explanation for the broad range of Yukawa
couplings in the SM based on localization in the extra dimension.

Let us begin with the SM fermions. While fermion representations in d = 5 are non-
chiral, we saw above that either the left- or right-handed zero mode of a bulk fermion can is
projected out depending on its boundary conditions. To see how this can be applied to the
SM, let us define ΨQ(x, z) = (ΨQL

,ΨQR
)t to be a bulk fermion with gauge quantum numbers

(3, 2, 1/6). Note that SU(2)L acts on both the left- and right-handed components of ΨQ.
By choosing BCs with ΨQR

|L0,L1
= 0, only the left-handed component has a zero mode with

profile
(
L0

z

)3/2

fQL

0 (z) ∝
(
z

L0

)1/2−cQ

, (82)

where cQ is the bulk mass parameter for ΨQ. We identify this zero mode with the left-
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handed SM quark doublet Q. The KK modes of ΨQ have profiles as in Eqs. (76,77) with
c → cQ, and include both left- and right-handed states at each level. In the same way, we
can also introduce ΨU(x, z) = (ΨUL

,ΨUR
)t = (3, 1, 2/3) and choose BCs such that only the

right-handed component has a zero mode with profile

(
L0

z

)3/2

fUR

0 (z) ∝
(
z

L0

)1/2+cU

. (83)

As before, the KK modes have both left- and right-handed components.

This procedure can be extended to all the fermions of the SM, with one bulk fermion
introduced for each SM state and three generations in all. At this point, the fermion zero
modes are massless. They can get masses by coupling to the Higgs on the IR brane in the
form (for the up-type quarks)

S ⊃ −
∫
d4x

∫ L1

L0

dz

(
L0

z

)5

yΨQΨU H δ(z − L1) + (h.c.) (84)

⊃ −
∫
d4x y AQ

0 C
U
0

(
L1

L0

)1/2−cQ
(
L1

L0

)1/2−cU

QLuRH + (h.c.) , (85)

where we have identified the zero modes of ΨQ and ΨR with the corresponding SM fermions

Q and uR, and A
Q
0 and AU

0 are normalization factors for the zero-mode wavefunctions. The
form of Eq. (85) is precisely that of the up-quark Yukawa coupling to the SM Higgs with the
effective strength

yeffu = y AQ
0 C

U
0

(
L1

L0

)1/2−cQ(L1

L0

)1/2−cU

. (86)

Its value depends on how the zero modes are localized in the bulk, with IR-localized modes
giving more overlap with the Higgs and larger Yukawa couplings. For variations in the ci
coefficients by an amount of order unity with y ∼ 1, very large differences in the effective
Yukawa couplings can arise. For example, the left- and right-handed top quarks should be
localized near the IR brane, while the first and second generations should lie more towards
the UV brane. Note that the ci coefficients will be different within each generation, and this
can also allow for a natural origin of the hierarchical CKM matrix.

Turning next to the SM vector bosons, recall that we found above that their zero modes
have flat profiles in the extra dimension (assuming Neumann BCs), Eq. (51). This is an
important result because it implies that the gluon and the photon will have the same
couplings to all zero-mode and KK fermions regardless of how they are localized. The
same applies for the graviton as well. In contrast, the vector KK modes are localized mostly
near the IR brane, and they will couple more strongly to the fermions of the third generation
and to other KK states than to the light generations.

Given these localization arguments, a prominant LHC signal of RS theories with the SM
in the bulk is the production of KK gluons [26, 27]. These have strong production rates, and
they tend to decay predominantly into top-antitop pairs. In Fig. 4, we show the limits on

19



 mass [TeV]
KK

g

0.5 1 1.5 2 2.5 3

) 
[p

b]
t t

→
K

K
 B

R
(g

× 
K

K
gσ

-210

-110

1

10

210

310
Obs. 95% CL upper limit

Exp. 95% CL upper limit

 uncertaintyσExp. 1 

 uncertaintyσExp. 2 

Kaluza-Klein gluon (LO)

Obs. 95% CL upper limit

Exp. 95% CL upper limit

 uncertaintyσExp. 1 

 uncertaintyσExp. 2 

Kaluza-Klein gluon (LO)

      ATLAS
-1=8 TeV, 20.3 fbs

Figure 4: Exclusions on the bulk RS KK gluon mass from ATLAS tt̄ searches with 20 fb−1
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√
s = 8 TeV. Figure from Ref. [28].

KK gluons with k/MPl = 1 obtained by the LHC ATLAS experiment with 20 fb−1 of data
at

√
s = 8 TeV in the tt̄ channel [28]. The limits extends up to mKK > 2 TeV, which is

much larger than twice the top mass. An interesting technical challenge in these searches
is that that tops emitted in the decay are expected to be highly boosted, implying that the
subsequent top quark decay products (from the dominant t → W+b decay) will be very
collimated and the usual top identification methods are no longer efficient. To distinguish
such boosted tops from regular QCD jets more effectively, a set of techniques known at top
tagging (or jet substructure) can be applied [29, 30].

Bulk RS models also face a number of indirect constraints that typically require addtional
structure if they are to be avoided while maintaining (1/L1) ∼ TeV. Precision measurements
of the SM weak vector bosons find that they interact with fermions (and the Higgs) as
predicted by the SM to a very high level of accuray. Thus, any deviation in their couplings
must be very small. In bulk RS, the Higgs VEV deforms theW± and Z0 wavefunctions from
their would-be flat zero-mode profiles and modifying their couplings to the SM fermions,
and a further shift is generated by the four-fermion operators generated by integrating out
the massive KK modes [31]. To repair this, an additional custodial bulk gauge symmetry
(and associated bulk gauge bosons) is usually introduced together with new bulk fermions
connecting mainly to the third generation [32, 33]. New mixing of quark flavours can also
arise, putting even more constraints on the theory [34, 35].

2.7 Radion Stabilization

An important issue that we have not yet addressed is the stability of the five-dimensional
RS spacetime. Without any additional structure, the separation of the UV and IR branes
is classically metastable with respect to small variations. This can be seen by examining
fluctuations in the G55 component of the metric, whose zero mode we identify as a d = 4
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Lorentz scalar radion field. Fortunately, it is relatively straightforward to stabilize the radion
such that krc ∼ 11 as required for RS to account for the large ratio between the observed
Planck and weak scales [36].

The generic model of radion stabilization is the Goldberger-Wise (GW) mechanism of
Refs. [36, 37]. A massive bulk scalar field is added to the theory with couplings on the
branes such that it is forced to get different VEVs at each brane. This forces the zero mode
of the scalar field to have a non-trivial profile in the bulk. Studying how the energy of the
configuration varies with the brane separation, it is found to be minimum at a non-zero value
that balances the gradient energy (which is lower for larger brane separations) with the mass-
term energy (which is lower for smaller brane separations). With some mild adjustment of
the parameters of the bulk scalar, a spacetime with krc ∼ 11 can be achieved.

In addition to stabilizing the radius of the fifth dimenison, the GW scalar also generates
a mass for the radion field [36, 37, 38]. Recall that we first encountered the radion in the
context of LED in Sec. 1.2. A similar analysis applies to the additional fluctuations of the
metric GMN around the RS background, with the physically modes again being the graviton
and the radion (and their KK modes). Without radius stabilization, the radion field in RS
(and LED) is massless. Applying the GW mechanism, there is a modest backreaction on
the spacetime that generates a mass for the radion [15, 36, 39]. The coupling of the radion
to SM matter is similar to that of the Higgs boson, and radion-Higgs mixing can occur as
well [39].

3 Warping and Strong Coupling

A deep relation is thought to exist between warped theories with gravity in d+1 dimensions
and certain classes gauge theories without gravity in d dimensions. This relation is usually
called the AdS/CFT correspondence, and is often referred to as holography. It was first
proposed in certain specific string theory compactifications [40], but is thought to hold much
more generally [41, 42, 43]. In particular, the correspondence suggests that RS theories are
an alternate description of technicolor-like theories with the SM Higgs and matter fields
arising as (partly) composite bound states [44, 45, 46].

3.1 AdS5 × S5 and N = 4 SYM

The AdS/CFT correspondence was first proposed in a specific compactification of type IIB
superstring theory [40]. At low energies, the string theory reduces a supergravity effective
theory on AdS5 × S5, where AdS5 refers to an infinite d = 5 Anti-deSitter space and S5 is
a compact 5-sphere. The key observation of Ref. [40] is that this theory bears an uncanny
resemblance toN = 4 SU(N) supersymmetric Yang-Mills (SYM) in d = 4 (without gravity).
Based on this resemblance, Ref. [40] went on the make the bold proposal that the two theories
are dual to each other at low energy, in that they provide equivalent (but seemingly different)
descriptions of the same physics.
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Starting with the symmetries of the two systems, the set of isometries of the 5-sphere
is SO(6), which is isomorphic to the SU(4)R global symmetry group of the SYM theory.
Furthermore, the set of isometries of AdS5 coincides with the conformal group in d = 4,
while the N = 4 SYM theory is known to be a conformal field theory (CFT) with the same
spacetime symmetries.

There is also a matching between the free parameters of the two theories. On the
supergravity side, the theory is characterized by the AdS5 curvature radius RAdS and the
fundamental string length scale ℓs below which stringy excitations start to appear. In the
gauge theory, the parameters are the gauge coupling and the number of colours N (gauge
group SU(N)). Matching between the theories suggests

(
RAdS

ℓs

)4

= 4π g2N . (87)

This correspondence is significant because it matches weak coupling on one side to strong
coupling on the other. In particular, for the supergravity limit of the string theory to be
valid one needs RAdS ≪ ℓs. Applying this to the gauge theory via Eq. (87), the supergravity
limit corresponds to a large ’t Hooft coupling λ = 4π g2N ≫ 1, implying that the gauge
theory is strongly coupled in this limit.

The AdS/CFT correspondence has passed a wide variety of non-trivial checks in this and
other theories [43]. It is widely thought to apply very generally, and to represent a deep
relation between gravity and gauge theories. The connection to RS theories is that the RS
spacetime is a finite slice of AdS5, bounded by the UV and IR branes, with curvature radius
k−1 = RAdS. While this differs significantly from the original AdS5 × S5, there are good
reasons to expect that it also corresponds to an approximately conformal gauge theory. We
will discuss this in more detail below.

3.2 Conformal Field Theories in d = 4

Before discussing RS and its relation to d = 4 gauge theories, it will be helpful to cover first a
few basic features of conformal field theories (CFTs) in four spacetime dimensions. Confor-
mal invariance is an extension of the Poincaré group (in d dimensions) to include dilatations
and special conformal transformations [47]. Dilatations act on spacetime according to

xM → λ xM , (88)

while special conformal transformations transform it by

xM → xM + x2 bM

1 + b·x+ b2x2
. (89)

Here, λ and bM are parameters that define the transformations. Invariance of a QFT under
conformal transformations puts very strong restrictions on the operator expectation values
in the theory, and is an extremely powerfual calculational tool.
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Theories that are invariant under dilatations are said to have scale invariance. In d = 2
it has been proven that if a theory is scale invariant, it is also invariant under the more
general conformal invariance [48]. This has not been proven for d = 4, but there are strong
arguments that it should be the case [48]. In the discussion to follow, we will assume this
to be true and concentrate exclusively on scale transformations. The Noether current for
dilatations is

Dµ = xαTαµ −Kµ , (90)

where T µν is the energy-momentum tensor of the theory and Kµ is some 4-vector with
∂µK

µ = 0. Taking the divergence of Dµ, we see that scale invariance requires

∂µD
µ = 0 = T µ

µ . (91)

Thus, conformal invariance requires a traceless energy-momentum tensor.

To see how this invariance does and does not work, consider a simple free scalar theory
and let us apply a scale transformation to it. We will assume that x → x′ = eαx and
φ(x) → φ′(x) = e−βφ(e−αx) for some parameters α and β. The action transforms according
to

S =

∫
d4x

[
1

2
(∂φ)2 − 1

2
m2φ2 − A

3!
φ3 +

λ

4!
φ4 + . . .

]
(92)

→
∫
d4x e(4α−2α−2β)

[
(∂φ)2 − 1

2
e2αm2φ2 − eαA

3!
φ3 +

λ

4!
φ4 + . . .

]
. (93)

Looking at this result, we see that the kinetic term will be invariant for β = α. Since
the kinetic is the minimal term needed to define a theory, this is the natural choice for β.
Going next to the other terms, we see that they all pick up factors with powers equal to
the mass dimension of their corresponding coupling, and only the quartic term is invariant.
The explicit breaking of scale invariance in this theory can be tracked by noting that the
dimensionful terms would be invariant if we also had m2 → e−2αm2 and A→ e−αA.

More generally, it is not hard to show that the tree-level action of a theory is invariant
under scale transformations provided it does not have any dimensionful couplings. An
important example of this is massless QCD generalized to N colours (SU(N) gauge group)
with Nf flavours of massless quarks. The basic action is

S =

∫
d4x


−1

4
Ga

µνG
a µν +

Nf∑

i=1

q̄i iγ
µDµ qi


 , (94)

and it is invariant under x → eαx, Aa
µ(x) → e−αAa

µ(e
−αx), and q(x) → e−3α/2q(e−αx).

Correspondingly, the trace of the energy-momentum tensor built from the tree-level action
is zero.

The problem with this picture is that we know that standard QCD (with N = 3 and
Nf = 2 or 3) is not scale invariant, even in the limit of vanishing quark masses. In particular,
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a physical scale ΛQCD ≃ 200 MeV emerges where the gauge coupling αs = g2s/4π grows strong
in its renormalization group (RG) evolution. This physical scale, and the effective scale
dependence of αs, represents an explicit breaking of scale invariance by quantum mechanical
effects. Indeed, computing the trace of the energy-momentum tensor gives

T µ
µ = ∂µD

µ =
βs(gs)

2g3s
Ga

µνG
aµν , (95)

where βs is the beta function for gs. At one-loop, it is

βs =
dgs
dt

= − g3s
(4π)2

(
11

3
N − 2

3
Nf

)
+ . . . (96)

where t = ln(µ/µ0) is the RG scale. When βs is non-zero, we say that scale invariance is
anomalous, in that it looks like a symmetry of the theory at the level of the tree-level action
but is not in the full quantum theory. This is precisely what happens in regular QCD with
N = 3 and Nf = 2, 3.

Going beyond regular QCD to other values of N and Nf , an interesting possibility is that
βs → 0 at low energies. This occurs in a trivial way for Nf ≫ 11N/2 and moderate gs(µ0),
with gs → 0 along with βs → 0 as µ/µ0 → 0. At low energies, the theory simply approaches
a free theory. An alternative and more interesting behaviour is βs → 0 with a fixed non-zero
value of gs = g∗ as µ/µ0 → 0. This is thought to occur in QCD-like theories for certain
ranges of values of N and Nf , and the corresponding fixed value of g∗ is called a conformal
infrared (IR) fixed point. If different initial values of gs(µ) flow toward g∗ as µ/µ0 decreases,
the fixed point is said to be attractive (or stable) in the IR. Once at g∗, the properties of the
theory remain the same going to lower scales. The form of βs for such a fixed point is shown
in Fig. 5. For regular QCD, the corresponding curve would start at the origin and become
increasingly negative as gs increases.

In this picture, the generalized QCD theory is exactly conformal when gs = g∗, and
approaches this point in the IR for other values of gs. Conformal invariance of the theory
can therefore arise as an asymptotic limit of the RG flow. Moreover, different theories with
the same field content but different values of gs(µ) all flow to the same theory in the IR.
This property is sometimes called universality.

It is also interesting to modify the generalized massless QCD theory with quark mass
terms. Suppose we have N and Nf such that the theory has a stable IR fixed point g∗ ≪ 1,
and let us add a mass term mq̄q for all flavours. This obviously breaks scale invariance, but
it is a numerically small effect for µ ≫ m. Starting at some µ ≫ m with gs(µ) very close
to g∗, the theory will quickly flow to the fixed point. It will remain there as µ is lowered
further until µ ∼ m. At this point, the quark masses become important, and they can be
integrated out of the theory if we are interested in physics at much lower energies. The
effective theory for µ < m now contains only gluons, with the basic gluon kinetic operator
of Eq. (94) together with higher-dimensional operators suppressed by powers of m. This
theory is not scale invariant, with βs ≃ −(11N/3)g3s/(4π)

2, and flows to larger values of gs
and possibly confines at lower energies.

24



gs

βs

g∗

Figure 5: Schematic picture of the RG flow of gs in generalized massless QCD for values of
N and Nf for which there is an IR stable fixed point g∗. The arrows show the direction of
evolution of gs as µ/µ0 decreases.

A second modification of this story is to keep N colours and Nf massless flavours such
that there is a stable IR fixed point at gs = g∗, but now add ∆Nf > 11/2 additional quarks
with mass M . For µ ≫ M and perturbative gs(µ), the theory flows to lower values of gs as
µ decreases since all quarks (massive and massless) contribute to βs. When µ ∼M , we can
integrate out the heavy quarks to get back Nf massless flavours only, but with new higher-
dimensional operators suppressed by M . These operators become increasingly irrelevant for
µ < M , and the theory will eventually flow to g∗.

We have only just scratched the surface of the many interesting features of conformal
field theories in d = 4. Exact conformal invariance itself is only part of the story, and the
way in which theories flow into and out of approximately conformal regimes is important
too. We have also focussed mainly on perturbative conformal IR fixed points. The fixed
coupling g∗ can also be large enough that it is no longer a useful pertubative parameter.
In this case, the scale dependence of operators can be very different from what would be
expected at weak coupling, and the most useful degrees of freedom might no longer be the
original set of fields one started with.

3.3 Holography and RS

Generalized AdS/CFT suggests that RS theories are dual to certain types of approximately
conformal gauge theories. We will only present here the main features of the connection.
More detailed intoductions can be found in Refs. [16, 23, 44, 45, 46].

In this correspondence, moving in the warped extra dimension is related to an RG flow in
the gauge theory description. Note that this gauge theory is for a new technicolor-like force
that is independent of the SM gauge fields. Increasing z/L0 = ekw is identified with lowering
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the RG scale µ/M∗ ≃ e−t. Between the branes, L0 < z < L1, the space is locally AdS5

and the dual gauge theory is approximately conformal. The UV brane at z = L0 truncates
the AdS5 space and represents an explicit breaking of conformal in the UV, similar to the
appearance of heavy quarks with mass M and ∆Nf > 11/2 in the example above. The IR
brane at z = L1 also coincides with conformal breaking, but corresponds to a spontaneous
breaking in the IR. To see that it is spontaneous rather than explicit, note that the RS theory
has a massless radion mode in the absence of a stabilization mechanism corresponding to
fluctuations of the IR brane location. This radion matches to the NGB of spontaneous
conformal breaking in the gauge theory. To stabilize the radion and give it a mass, the GW
mechanism adds a massive bulk scalar. It can be matched to a would-be marginal operator
in the gauge theory that grows strong in the IR and adds an explicit breaking of conformal
invariance.

These correspondences can also be extended to SM fields in the bulk or on the branes.
In general, fields localized in the UV match to fundamental fields in the gauge theory, while
fields localized in the IR match to composite operators. The Higgs is the key example of
this, but the rest of the SM fields in RS are also expected to be composites in the gauge
description when they are localized on the IR brane. More generally, a field that is localized
in the bulk is a mixture of fundamental and composite operators.
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A Appendix: Sturm-Liouville

A mathematical result that is used all over the place in physics is the Sturm-Liouville
theorem. Since we apply it in these notes, we give an informal and simplified overview
of it here. The theorem is essentially an application of the orthogonality and completeness
of eigenstates of Hermitian operator applied to function spaces.

Let V be the vector space consisting of all reasonably nice functions {f(x)} defined on
the finite interval [a, b] satisfying the boundary conditions (BCs)

f(a)− ξ ∂xf(a) = 0 , f(b) + ξ ∂xf(b) = 0 . (97)

for some fixed constant ξ. Note that ξ → 0 corresponds to Dirichlet BCs and ξ → ∞ to
Neumann BCs. It is straightforward to check that V is indeed a vector space. What’s more,
for any nice function w(x) > 0 (on [a, b]) we can also define an inner product on V with

(f, g) =

∫ b

a

dx w(x) f(x) g(x) . (98)

This is clearly bilinear and positive semi-definite.

Consider now the linear operator on V defined by

Df =
1

w(x)
[∂x (p(x)∂x) + q(x)] f(x) . (99)

It is not hard to show that this operator is Hermitian on the space of functions with respect
to the inner product, namely

(Df, g) = (f, Dg) . (100)

Proving this just requires a few integrations by parts and application of the boundary
conditions satisfied for f and g.

Now let {fn} be the set of eigenvectors of D with eigenvalues λn,

Dfn = −λ2nfn . (101)

Just like we use all the time in quantum mechanics, the set of eigenvectors forms a basis
for the vector space, and eigenvectors with different eigenvectors are orthonormal (for a nice
choice of normalization):

(fm, fn) =

∫ b

a

dx w(x) fm(x) fn(x) = δmn . (102)

In this context, the result is called the Sturm-Liouville theorem. We will use this feature
to expand fields defined in extra dimensions in a basis of eigenfunctions for the space of
functions on the extra dimensions.
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B Appendix: Bessel Functions

Bessel functions arise frequently in discussions of warped extra dimensions. We collect here
a few results about them that are used in these notes.

Not surprisingly, Bessel functions arise as solutions of the Bessel equation. Specifically,
Jα(x) and Yα(x) are the two independent solutions of the linear ODE

[
d2

dx2
+

1

x

d

dx
+ (1− α2/x2)

]
f(x) = 0 . (103)

Here, the parameter α is a real number that defined the order of Bessel equation (or
functions). These solutions have a number of nice properties. Asymptotically, they reduce
to

Jα(x) =





1
Γ(α+1)

(
x
2

)α
; 0 < x≪

√
α + 1

√
2
πx

cos (x− απ/2− π/4) ; x≫ |α2 − 1/4|
, (104)

and

Yα(x) =






−Γ(α)
π

(
2
x

)α
; 0 < x≪

√
α + 1

√
2
πx

sin (x− απ/2− π/4) ; x≫ |α2 − 1/4|
. (105)

Both solutions Zα = Jα, Yα also satisfy the recursion relations

(
1

x

d

dx

)n [
x−αZα(x)

]
= xα−nZα−n(x) (106)

(
1

x

d

dx

)n [
x−αZα(x)

]
= (−1)nxα−nZα+n(x) . (107)

Many other nice properties of Bessel functions are described in Ref. [50].

Two specific properties of Bessel functions that we will use frequently are orthogonal-
ity and completeness. This follows from them being eigenfunctions of a Sturm-Liouville
operator. In particular, note that we can rewrite the Bessel equation as

1

x
∂x [x ∂x f(x)]−

α2

x2
f(x) = −f(x) . (108)

This matches the Sturm-Liouville form with p(x) = x, q(x) = α2/x2, w(x) = x, and
eigenvalue λ2 = 1. Other (positive) eigenvalues arise with the change of variables x → λ x
since both terms on the left-hand side just pick up a factor of 1/λ2 while the right-hand side
stays the same. Discrete values of λ arise if we also demand that the functions f(x) also
satisfy fixed boundary conditions on an interval.
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As an example, suppose we impose Dirichlet BCs on the interval x ∈ [a, b]. Solving the
equation Df = −λ2f , the most solutions take the form

f(x) = c1 [Jα(λx) + c2 Yα(λx)] . (109)

Imposing BCs at x = a, b then implies

c2 = −Jα(λa)/Yα(λa) (110)

0 = Jα(λb) + c2 Yα(λb) . (111)

The second equation allows a set of discrete values for λ = λn for which a non-trivial solution
exists corresponding to the zeros of the combined sum of Bessel functions. By the Sturm-
Liouville theorem, the set of solutions for the set of λn forms a complete basis {fn} for the
vector space of functions on the interval with Dirichlet BCs. These basis functions satisfy
orthonormality (after normalizing them appropriately) in the form

∫ b

a

dx x fm(x) fn(x) = δmn , (112)

which matches the Sturm-Liouville expectation.
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