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We begin by reviewing the Standard Model (SM) and the tools needed to understand it.

1 Notation and Numbers

Some of the key bits of notation related to this are:

o = (t,z,y,2z), ©=20,1,2,3 (1)
pro= (E,p"p"p") (2)
Ty = Nuwt’s  Du=Nuwpd” (3)
Ny = diag(+1,-1,-1,—-1), " =diag(+1,—1,—1,—1) (4)
M = completely antisymmetric with €% = +1. (5)

Here, whenever an index is repeated, it is implicitly summed over. Indices are raised and
lowered with the matrix 7, and its inverse n*”. For instance,

3 3

2 " o wov MI/_t2 =2 6

r* = alz, =n, M = M T =17 — 77, (6)
©n=0 v=0

P = nuupy- (7>

The general rule-of-thumb with this notation is that a quantity is Lorentz-invariant iff all
the indices are summed over. Thus, z? and p? are Lorentz-invariant, while z, and p" are
not. We’ll also write derivatives as

0

d, = — 8

H axu ( )

P = 99,0, =0t -V (9)

In passing, let me add that the convention of summing over repeated indices is sometimes
called the Binstein summation conventionll

In particle physics, we usually work in natural units where
h=c=kg=1. (10)

This implies that mass, momentum, and temperature have units of energy, while length and
time have units of inverse energy. To put the full units back in, you only need to remember
three things:

1
hc~197 MeVfm , ¢=~3.00x10"%m/s, kg (300K) ~ eV (11)

L Apparently he felt that it was his greatest contribution to physics.



Some conversions that can be derived from this are [1]:
1GeV = 658 x107%s = 1.97x 107em = 1.16 x 10K = 1.78 x 107 *kg .  (12)

We can also recast Newton’s constant Gy in natural units. It has dimensions of 1/FE?

2 Need-to-Know Particle Physics

The second major component of our study of dark matter is particle physics. Dark matter is
really interesting for particle physicists because it suggests the existence of a new elementary
particle that has not yet been observed directly. A great deal of theoretical and experimental
research is focussed on figuring out how to measure the properties of this new particle.

2.1 Quantum Fields and Particles

Quantum Field Theory (QFT) is the primary tool used to describe subatomic particles and
the interactions between them. In QFT, quantum mechanics is applied to continuous field
systems. It might seem conterintuitive to describe seemingly discrete objects like particles by
continuous fields. However, in many cases the quantum excitations of field systems behave
like independent particles. This observation is borne out by experiments; measurements of
elementary particles are described beautifully by QFT. Some nice fairly recent textbooks on
QFT are Refs. [2] 3] [4].

A QFT is usually specified by the set of fields it contains together with a Lagrangian
(density) that encodes how these fields interact with each other. When the interactions
described by the Lagrangian are sufficiently weak, each field in the Lagrangian can be
identified with a particle species. Furthermore, reactions between the particles can be
computed using a set of Feynman Rules derived from the Lagrangian.

The structure of the Lagrangian also encodes the underlying symmetries of the theory.
For a system to have a symmetry, the form of its Lagrangian should be invariant under a
set of field transformations consistent with the symmetry group. This strongly constraints
the terms that can appear in the Lagrangian. A particularly important symmetry for
relativistic particles (in flat spacetime) is the group of Poincaré transformations, consisting of
spacetime translations together with Lorentz transformations. Invariance under translations
corresponds to energy-momentum conservation, and the transformation properties of the
field variables correspond to the spins of the particles they describe.

Scalar fields describe particles of spin s = 0. They do not transform at all under Lorentz
transformations in the sense that

r— 2 =Av, o(x) = ¢'(2') = ¢(x) , (13)

where A is the 4 x 4 Lorentz transformation matrix@ The second relation is usually rewritten

2 Explicitly, 2’" = A* zv.



as

¢'(x) = p(A7 ) . (14)
The basic Lagrangian for a (real) scalar field ¢(z) is
& = S(0,0)(0,0) — 576 — Vi) (15)

where n*¥ is the (inverse) flat-space metric and Vj,;(¢) contains cubic and higher powers of
¢ and describes the interactions. When the interaction strength is weak, this Lagrangian
describes spinless scalar particles of mass m at leading order.

Particles with non-zero spins are described by fields that transform in more complicated
ways under Lorentz. In general, when x — 2’/ = Ax, the transformation rule for a field is

o' (z) = M(A) (A ') . (16)

This relation has been written in matrix notation, where ®(z) is an n-component column
vector and M(A) is an n x n matrix corresponding to the Lorentz transformation A. These
matrices must satisfy M (1) = I and M(A)M(A") = M(AA'), and they are said to give a
representation of the Lorentz group.

A simple example is the vector field A", transforming as
At (x) = A" AY(A M) | (17)

Note that here we have M(A) = A, which obviously satisfies the multiplication rules of a
representation.

The relationship between a particle type and the transformation law of the field that
is used to describe it can be a bit complicated. While fields can transform under any
representation of Lorentz, particle states must transform under unitary representations of
Lorentz (as well as spacetime translations), meaning that MT(A) = M~1(A). Analyzing all
such representations, the net result is that any massive particle type is characterized by its
mass and its spin s = 0,1/2,1,3/2, ..., corresponding to how it behaves under rotations in
its rest frame. In this sense, the spin property of elementary particles is seen to emerge from
the underlying Lorentz structure. For massless particles the situation is a bit different. Such
particles can only be in one of two helicity states, corresponding to spin along the direction
of motion. A familiar example is the photon, which has two independent polarization states.

A popular case is that of a massive particle with s = 1, which is usually described by a
vector field A*. Note, however, that such a field has four independent components, while we
only need three for a s = 1 particle. The extra degree of freedom corresponds to a particle
with s = 0, related to field configurations with A, = d,¢ for some ¢. In other words, the
vector field describe a particle of s = 1 and a particle of s = 0.

To project the s = 0 piece out and get the s = 1 part alone, it is standard to impose the
constraint d,A* = 0. The corresponding Lagrangian is
1 1

L == B + §m2AuA“ : (18)
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where m corresponds to the mass of the particle and
F;w = 8;1,141/ - 81/14;1 (19)

is called the field-strength tensor. This kinetic term looks a bit funny, but the reason for it
is that F,, =0 for A, = d,¢. Thus, the s = 0 part has no kinetic term is not dynamical.

A vector field is also used to describe the photon. In this case, the free photon Lagrangian
is just the first term of Eq. (I8). This is invariant under gauge transformations

A, = A, — O, (20)

for any function a. Gauge invariance removes the extra, unwanted components of the vector
field, and it forbids the mass (second) term present in Eq. (I8). The connection with classical
electromagnetism is A* = (¢, ff), the scalar and vector potentials. Using this, it can be shown
that the components of F),, are the gauge-invariant electric and magnetic fields. Note as
well that, following our interpretation of classical electrodynamics, two field configurations
related by a gauge transformation are taken to be physically equivalent. Invariance under

gauge transformations is therefore not a symmetry, but rather an equivalence relation.

We turn next to fermions, with half-integer spins (when they are massive). The simplest
field representation is the two-component left-handed Weyl fermion 1, transforming as

Yo = [ML(M)] Ys(A ) | (21)

where a = 1,2 is implicitly summed over here. There is also a right-handed Weyl fermion
representation ¥¢, related to the left-handed one by

v =io?y", (22)

where o2 is the Pauli matrix. A consistent theory requires both ¢ and + in it. The minimal
Lagrangian is

&L =Ylicr o, = Yict o (23)

where o# = (I, &) and * = (I, —7). After imposing the resulting equations of motion, v
and 1 are found to each have one degree of freedom. The interpretation is that ¢» corresponds
to a massless particle with left-handed helicity and v to its antiparticle with right-handed
helicity:.

There are two ways to add a mass term for fermions. When this is done, it is standard
(but not always advantageous) to rewrite the two-component spinors are four-component
objects. The first type of mass term is called Dirac and requires two species of Weyl spinors:

L D> YTicto + xTia" 0, — My — Mxap . (24)

). (25)

Defining the four-component object ¥ by

o

==

W



we can write the terms in Eq. (24])
&L D Vint9, ¥ — MUV | (26)

Vu:((_f” ‘70”) , (27)

where

andf]
T = Uia0 (28)

The reason for using a four-component object is that it automatically diagonalizes the mass
term. After applying the equations of motion, one finds four physical states corresponding
to the two spin states of a massive s = 1/2 fermion and its antiparticle.

The second kind of mass term is called Majorana, and only requires one species of Weyl
fermion

250 i0"B) — S Martb — L Marthl (29)

To write this in four-component form, let us first define the conjugate of a general four-
component fermion ¥ (as in Eq. (25])) by

T = —iy?y (D) = ( X ) . (30)
(8
A four-component Majorana fermion Wy, is one that satisfies

¢ =0y = \IJM:(E). (31)

In other words, the upper and lower Weyl spinors are constrained to be the same. The
kinetic and mass terms of Eq. (29) can now be rewritten as

1- 1 _
Z D §\IIMZ’)/“8“\IIM — §MM\IIM\IIM , (32)

where W), = Uq,. After applying the equations of motion and the Majorana constraint, this
system has two independent degrees of freedom corresponding to the two spin states of the
massive Majorana fermion. The implication of the Majorana constraint is that a Majorana
fermion is its own antiparticle.

To describe the Standard Model (SM) using four-component fermions, it is necessary to
define projection matrices. First, let

. -1 0
v =iy = ( 01 ) : (33)

3Note that the bar on a two-component object is part of its name, while the bar on a four-component
object defined here is a complex-conjugation operation.



Note that (7°)? = 1 and {75, v*} = 0. The left- and right-handed projectors are
Pr=(1-7")/2, Pr=(1+17")/2, (34)
and they satisfy
| = (P, +Pp), P =P, P.=Pp P.Py—=PaP,—0. (35)

Given a four-component fermion ¥, we define

@L:PL@:(%L), \IIR:PR\I/:<£R), (36)

where we have rewritten the components of Eq. (23]) as ¢ = ¢, and y = 9.

2.2 The Standard Model

We now have all the pieces we need to assemble the Standard Model (SM) [5], [6, [7]. This
theory provides an excellent description of the strong, weak, and electromagnetic forces,
and the predictions of the theory are in excellent agreement with a very broad range
of experimental measurements. Gravity is not described by the SM since this force is
exceedingly weak and almost always neglible in particle physics experiments.

The basis of the SM is gauge invariance under the gauge group SU(3).x SU(2), xU(1)y.
Of these factors, SU(3). corresponds to the strong force, while SU(2), x U(1)y combine to
produce the weak and electromagnetic forces. Having fixed the underlying gauge group, all
we need to do is to specify the matter content and the vacuum structure. The fermionic
matter content comes in three identical copies called families. Each family consists of the
following representations under SU(3). x SU(2), x U(1)y:

= @2y - (4

Uur = (3,1,2/3)
drp = (3,1,-1/3) (37)

Lp = (1,2,-1/2) = ( VL )

€r
er = (1, 1, —1)

These are each 2-component fermions that we have written in 4-component notation. Note
that these representations do not come in balanced LR and RH pairs, but rather the LH and
RH quark and lepton fields have different gauge chargesH For ()7, and L we have written out
the SU(2), components explicitly. The Qr, ug, and dg fields transform non-trivially under
SU(3). and are called quarks, while the SU(3).-neutral Ly and ep fields are called leptons.

4Fermions with this property are sometimes said to be chiral.
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Each quark also has three colour components which we have not written out explicitly. In
addition to three families of fermions, there is also a single Higgs scalar field

b= (1,2,1/2) = < 2’; ) (38)

We will write the gauge fields for the SU(3). x SU(2), x U(1)y factors as

)
G ~ (8,1,0)
wh ~ (1,3,0) (39)
BM ~ (17170)

Recall that the 8 of SU(3). is the adjoint, as is the 3 of SU(2).

Under SU(3). x SU(2) x U(1)y transformations, a given field ¢ transforms according
to

Yir = W, = UZURDUD 4y, (40)
_ (6iaatﬁ0)ij (eiﬁpt?'L )rs (eiyY + .. ) ¢js~
= [57;]'57»5 + i@a(t?c)ij(srs + iéijﬁp(th)m + 2'5,~j5r87 Y:| ’l/)rs. (41)

That is, ¢ carries SU(3). (i and j) and SU(2), (r and s) indices, and each of these product
subgroups acts relative to these indices independently. The quantities a®, S?, and v are the
universal group transformation parameters that apply to all representations. When a field
transforms as a singlet under SU(3). or SU(2), the corresponding representation generators
vanish and we don’t need to include an index for that group on the field. Thus we have

QL= (Qr)ir» ur=(ur)i, dr=(dr)i,» Lp=(Lr)r, er=(er). (42)
Woohoo!
The SM Lagrangian takes the form

Z = jgauge + gHiggs + gYukawa- (43)
The gauge piece is completely fixed by gauge invariance:
1 1 1
ggauge _Z(G,uu)2 - Z(W5V)2 - Z(Bul/)2
+ Qriv"D,Qr + ugiv" Dyug + driy" D, dg (44)

+ ELT;”)/“D“LL + éRi’yuDueR,
where each covariant derivative takes the form
D, = 0, +igst; G5, +igth W +ig' Y By, (45)

with ¢2. the appropriate SU(3). generators for the coresponding rep (¢,, = 0 for the trivial
rep), t2 the generators for SU(2). (t,, = 0 for the trivial rep), and Y is the charge of the
field under U(1)y and is called hypercharge. The Higgs part is

o? 2 A

z - (1ol + S0P (46)

gHiggs = ‘(% + zg 5

1
ij—l—zg’iBM) o
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This potential induces spontaneous symmetry breaking whose consequences we will examine
presently. Finally, the third set of terms in the SM Lagrangian corresponds to scalar-fermion
Yukawa interactions of the form

Ly ukawa = _yuQL(i) Ur — deL(I) dr — yeI/L(I) er + (h.c.), (47)

where ® = i02® = (¢%*, —¢™™)! These interactions are the most general ones we can write
(at the renormalizable level) while being consistent with gauge invariance given the charges
of Eq. (B7). Note that the gauge charges forbid fermion mass terms.

The first step in working out the implications of this Lagrangian is to determine the
vacuum structure. The Higgs potential leads to spontaneous symmetry breaking and we can
choose a gauge (called the unitarity gauge) such that

°= (s ntyy ) ()

where v = /pu2/A. The remaining h field here is called the Higgs boson. This expectation
value has important consequences for the rest of the theory. From the Higgs kinetic term we
obtain masses for some of the W/ and B" gauge bosons. Inserting this form for the Higgs
field into Eq. (1) we also obtain masses for the fermions.

Symmetry breaking in the SM has the same form as the SU(2) x U(1)-invariant theories
we considered previously. Applying an arbitrary SU(3). x SU(2), x U(1)y transformation
to the vacuum state chosen above, we see that this vacuum is invariant under SU(3). as well
as an Abelian subgroup of SU(2); x U(1)y. The generator of this subgroup is

Q=t"+Y. (49)

We identify this unbroken subgroup with the U(1),,, invariance of electromagnetism, so that
the unbroken () generator defined here corresponds to electric charge. Therefore there should
exist a massless gauge boson corresponding to the photon.

To verify this we should construct the gauge boson mass matrix generated by the covariant
kinetic term for the Higgs field. This leads to
2 1 o 10, 1\2 212 3., ;)2
DB = S (00 + 5o [PV + (W22 + (—gWW + /B2 (50)
From this expression it is clear that two orthogonal linear combinations of W/} and WE obtain
equal masses. It turns out to be convenient to arrange them into the W* vector bosons,
1
+ _ 1 112
WM = ﬁ (WM F ZWM) . (51)
The reason for this choice is that the two states have charges +1 under U(1)c,,. Their equal
masses are

m2, = L 42, (52)



For Wj and B, we get a squared mass matrix of
02 2
M= ( _gg g g%g ) . (53)

As expected, this matrix has a zero eigenvalue corresponding to the photon A,. The other
linear combination of Wi’ and B, is called the Z° vector boson. These mass eigenstates are
related to the fields in the original basis by

(%)= o) (%), 9

where the weak mizing angle Oy is defined by

/
J cos Oy = J

,/92+g/2’ g2_‘_gl2.

While the photon is massless, the Z° vector boson has mass

2 12
m222<9 *29 )v2. (56)

The longitudinal components of the massive W* and Z° vectors account for the missing
NGBs from the three broken electroweak generators. Since the new mass eigenstate vector
fields we have defined above are related to the original gauge eigenstates by orthogonal
transformations, the kinetic terms for the mass eigenstate vectors will also be canonical.

sin QW =

(55)

Rewriting the gauge eigenstates in terms of mass eigenstates in the electroweak parts of
the matter covariant derivatives we find

D, D igt'WFh+ig'YB,

= g {%(H + it )W + %(tl — itz)WH‘} (57)

+i(gewt® — swg'Y)Z, +i(gswt® + g'ewY)A,

1 : 1 : N :
= g [%(tl + it )W, + ﬁ(tl —it* )W, } +ig(t? — sjQ) Z, +ieQ A, .

Along the way we have implicitely defined the couplings

/

99 _
T e VT g'ew, g=\9g+9"% (58)
9>+

While the SM has many individual interaction terms, we see that they are all essentially
fixed by the values of g, ¢’, and v from the underlying gauge-invariant theory together with



the output of the Higgs mechanism. Measurements of the electroweak sector of the SM find
that

12

mw 80.4 GeV, myz>~91.2 GeV, v =~174 GeV,
(59)

sy, ~ 023, g~0.65, ¢ ~045 ¢*/4r~1/137.

Note that not all the values of these measurable masses and couplings are independent in
the underlying theory. We will see that this allows for very stringent experimental tests of
the electroweak sector of the SM.

The remaining pieces of the SM Lagrangian that we have not yet examined are the
Yukawa terms. Rewriting the Higgs scalar doublet in terms the new vacuum-friendly field
variables, the Yukawa interactions become

~ Pyukawa = YuQrPur + yaQr®dg + yLr®eg + (h.c) (60)
= y,(v+ h/\/ﬁ) urpur + ya (v + h/\/ﬁ) drdgr + ye (v + h/\/ﬁ) érer + (h.c.).

This expression consists of Dirac mass terms for the fermions together with fermion-Higgs
boson interactions:

In other words, the mass of each SM fermion is proportional to how strongly it couples to
the Higgs field.

2.3 Computing Stuff

The main two observable that we will be interested in are scattering cross sections and decay
rates. The first step in computing both is to find the corresponding quantum-mechanical
amplitude, M. Squaring this quantitity gives a probability density that we can insert into
formulas for cross sections and decays.

For 2 — n scattering with two initial particles colliding to make a final state with n
particles, let us label the initial four-momenta by p; and p, and the final four-momenta by
P3-Pnao. The formula for the scattering cross-section is

o= § 1 / d3p3 / d3pn+2 (27‘(‘)45(4)(1{? + ko — "Z‘f‘é ) |M|2 (62)
v 4B\ B, | (2n)32E; ] 2n)32E, s TR L b ’

where v = \/(p; - p2)2 — m3m3 / By Ey is the magnitude of the initial relative velocity as seen
in the lab frame, and S is a combinatoric factor equal to one times 1/k! for every set of k
identical particles in the final state. Derivations of this result can be found in the textbooks
by Peskin & Schroeder [2] and Srednicki [3].

The result of Eq. (62)) has a lot going on, but its physical content is very simple. First,
| M2 is the probability density for a single initial state (p;+p2) to scatter into the specific final
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state (p3+. ..+ pni2). The delta function enforces overall four-momentum conservation. The
scattering probability density is then summed over all distinct final states with a relativistic
normalization. Collectively, this set of final states is often called the phase space. The
prefactor before the integrations is a normalization to convert the result for a single initial
state to the scattering probability rate per unit incident flux (= number of incident particles
per unit area per unit time). At the end of the day, the cross section has units of area. The
factor of S accounts for sets of indistinguishable particles.

The quantity of interest for particle decays is the average decay rate I'. Given an initial
sample of Ny particles at time t = 0, the number of particles after time ¢ is

N(t) = Noe ' . (63)
The lifetime 7 of a particle species is defined to be
T=1/T". (64)

Sometimes you will also hear of half-lives, given by 71,5 = 7 In 2. In natural units, the decay
rate has units of mass.

When a particle has more than one distinct decay modes, we also speak of partial decay
rates I'f, corresponding to the relative probability of decaying in that way. The total decay
rate is the sum of the partial rates of all the individual decay channels,

r=>T;=T) BRy, (65)
f f

where BR; = I'y/I is the branching ratio to the final state f.

The formula for the partial decay rate of an unstable particle of mass M at rest to decay
to a final state containing n particles (1 - 2+3+...+n+1)is

d3P2 d3p2 s
4 2
[ —n) 2M/2E2 o )3 /2E2(27r)3 (2m)*6t sz M (66)

where | M|? is the corresponding 1 — n amplitude defined in the same way as for scattering,
and S is the symmetry factor.

When some of the initial and final particle states have spin or other internal quantum
numbers, the formulas of Egs. (62[66) apply to transitions from a specific initial spin (and
other stuff) state to a specific final spin (and other stuff) state. In many cases of interest,
however, the initial state will come from an ensemble with no net spin (and other stuff)
polarization and the final spin (and other stuff) state is not measured The quantities
of interest in this case are the “unpolarized” scattering cross section and decay rate. To
compute them, just replace |[M|? in Eqs. (6266) with the “summed and squared matrix
element”

IMP = —ZZ\M {i} = {/HI°, (67)

{ar {f}

SFor example, the scattering of particles in the cosmological plasma will not have a special initial spin
configuration, on the average.
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where the sums go over all the possible values of the internal quantum numbers of the initial
({i}) and final ({f}) states, and N; is the total number of initial states. In other words, we
should average over all possible initial states and sum over all possible final states. Note that
we have already done this to some extent in Eqgs. (6266)), we sum | M (p1, pa; p3, - - - Pni2)|? over
all possible final-state momenta. If we had wanted the probability to scatter into a specific
value of the outgoing final momentum, we would not integrate over the corresponding phase
space.

References

[1] E. W. Kolb and M. S. Turner, “The Early Universe,” Front. Phys. 69, 1 (1990).

[2] M. E. Peskin and D. V. Schroeder, “An Introduction to quantum field theory,” Reading,
USA: Addison-Wesley (1995) 842 p

[3] M. Srednicki, “Quantum field theory,” Cambridge, UK: Univ. Pr. (2007) 641 p
[4] M. D. Schwartz, ISBN-9781107034730.

[5] C. P. Burgess and G. D. Moore, “The standard model: A primer,” Cambridge, UK:
Cambridge Univ. Pr. (2007) 542 p

[6] J. F. Donoghue, E. Golowich and B. R. Holstein, “Dynamics of the standard model,”
Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol. 2, 1 (1992).

[7] S. Pokorski, “Gauge Field Theories,” Cambridge, Uk: Univ. Pr. ( 1987) 394 P. (
Cambridge Monographs On Mathematical Physics)

12



	Notation and Numbers
	Need-to-Know Particle Physics
	Quantum Fields and Particles
	The Standard Model
	Computing Stuff


