
PHYS 528 Homework #3
Due: Feb.9, 2024, 12pm PST

1. Suppose we have a Lagrangian containing a real scalar field φ and the fermions ψ and
χ with Lagrangian

L =
1

2
(∂φ)2 − 1

2
m2
φφ

2 + ψ̄(iγµ∂µ −Mψ)ψ + χ̄(iγµ∂µ −Mχ)χ− y φ
(
ψ̄χ+ χ̄ψ

)
.

In this theory:

a) What are the physical masses of the particles corresponding to the fields φ, χ,
and ψ (assumming weak interactions)?

b) Draw Feynman vertices for the interactions described in this theory and write the
numerical values of each of them.

c) Assuming that it is kinematically allowed, draw the Feynman diagram for the
decay ψ → φ+ χ and compute its rate in terms of the parameters of the theory.

2. Consider the theory discussed in e.g. 3. of notes-03:

L = |∂φ|2 −M2|φ|2 +
2∑
i=1

ψ̄i(iγ
µ∂µ −mi)ψi − (y φ ψ̄1ψ2 + h.c.) .

For this theory:

a) Find the equations of motion for φ, ψ1, and ψ2.
Hint: φ, ψi, φ

∗, and ψ̄i should all be treated as independent variables.

b) Work out the conserved current for the rephasing symmetry discussed in the note.

c) Show that this current really is conserved.
Hint: make use of the equations of motion.

d) Derive the interaction vertices in the theory, and use them to draw the leading-
order Feynman diagrams for the processes φ + φ∗ → ψ1 + ψ̄1 and φ → ψ1 + ψ̄2.
In both cases, compute the net symmetry charge of the initial and final states.
Hint: for complex scalars you should put an arrow on the lines corresponding
to the direction of particle (vs. antiparticle) flow in analogy to what is done for
fermions. See also question 4 in hw-01 and its solution.

e) Starting with the kinetic terms, find the mass dimensions (in natural units) of
the scalar and fermion fields. Use this to find the mass dimensions of the mass
parameters and couplings in the theory.
Hint: the action is dimensionless in natural units and S =

∫
d4xL .

3. Lie algebra stuff.

a) Show that the structure constants are completely antisymmetric for any Lie group.
Hint: the first two indices are antisymmetric by their definition. For the last one,
multiply the fundamental commutation relation by td, take a trace, and keep in
mind that traces are cyclic.
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b) Show that for any rep {tar}, the set of matrices {−(tar)
∗} also gives a rep.

c) Prove that the adjoint rep of a compact Lie group is always a real representation.

d) Prove that the Casimir T 2
r commutes with any generator tbr for any rep r.

Hint: commute through with structure constants, and then use their antisymmetry.

e) Show that for an irrep of a simple group, d(r)C2(r) = d(A)T2(r).
Hint: contract the Dynkin index equation with δab.

4. Connections. (Optional - will not be marked!)

Consider a fermion in an Abelian gauge theory transforming according to ψ(x) →
eiα(x)ψ(x) = U(x)ψ(x). Suppose there exists an object P (x, y) with P (x, x) = 1 and
the transformation property P (x, y) → U(x)P (x, y)U−1(y) for any pair of points x
and y. Clearly, P (x, y)ψ(y)→ U(x)[P (x, y)ψ(y)] transforms in the same way as ψ(x)
(rather than ψ(y)).

a) Define a derivative-like operator D̃µ according to

nµD̃µψ(x) = lim
ε→0

[P (x, x+ εn)ψ(x+ εn)− ψ(x)] /ε

where nµ is any unit 4-vector. The idea behind this definition is that it only really
makes sense to take the difference of two objects with the same transformation
properties. As far as working out this operator goes, we can expand P (x, x+εn) =
[1 + iεnµÃµ(x)] and drop all the higher-order terms in ε. Work out D̃µ in terms of
ordinary derivatives and the function Ãµ(x). Does this remind you of anything?

b) Under an arbitrary gauge transformation,

P (x, x+ εn)→ U(x)P (x, x+ εn)U−1(x+ εn) ≡ [1 + iεnµÃ′µ(x)].

Evaluate Ã′µ in terms of Ãµ and α. Again, does this remind you of anything?
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